Chapter 1

Vector and Vector Space
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Vectors can be used by air-traffic controlers when tracking planes, by meteorologists to describe wind
conditions, and also it helps to computer programmers to design virtual world. In this chapter, applications
of vectors which are commonly used in the study of physics: work, torque and magnetic force will be
presented along with the concept of vector and vector space.

1.1 Scaler and Vectors in R? and R3

I Definition 1.1.1 A Physical quantities that is described by its magnitude only is called scalar.

Definition 1.1.2 A physical quantities that is described using both magnitude and direction is called
vector.

= Example 1.1 Temperature, Mass, area, density, volume, etc, are examples of scalars because they are
completely described by a number that tells "How Much" like 10°C and length of 5 m whereas force,
displacement, velocity, acceleration, etc are examples of vectors. n
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2 Vector and Vector Space

Definition 1.1.3 Vectors in R? and R3

A vector in the plane R” can be described as v = (vy,v2) or v = ( :1 ), where vi,v, € R. Similarly,
2

w1
a vector in the space R3 can be described as a triple of numbers w = (wy, w2, w3) or w = wy |,
w3
where wi,wy, w3 € R.

Definition 1.1.4 A number x can be used to represent a point on a line. A pair of numbers or a couple
of numbers (x,y) can be used to represent a point in the plane. A triple of numbers (x,y,z) can be used
to represent a point in space.

We can say that a single number represents a point in 1-space or on a line, a couple of numbers represents a
point in 2-space or on a plane and a triple of numbers represents a point in 3-space or on a space. Although
we cannot draw a picture to go further, a quadruple of numbers (x,y,z,w) or (x;,x2,x3,Xx4) represent a
point in 4-space.

. (xy.2)

(y)

Figure 1.1: Representation of a point on a line, plane and space

Definition 1.1.5 Vectors in n—space,

Every pair of distinct points P and Q in R” determines a directed line segment with initial point at
P and terminal point at Q. We call such a directed line segment a vector and denote it by PQ. The
length of the line segment is the magnitude of the vector. Although PT’>> has zero length, and strictly
speaking, no direc_t)ion, it is convenient to view it as a vector. It is called a zero or a null vector. It is
often denoted by 0 .

Definition 1.1.6 A position vector is a vector whose initial point is at the origin otherwise it is a
located vector.

Definition 1.1.7 Two non—zero vectors v and w of the same dimension are said to be parallel if they
are scaler multiples of one another. In other words, the two vectors v and w are said to be parallel,
denoted by v//w if there is a scaler k such that v = kw and if k > 0, then they have the same direction
and if k < 0, then they are in the opposite direction.

The vector O is parallel to every vector v in the same dimension, since it can be expressed as the scaler
multiple 0 = Ov. Although, zero vectors has no natural direction, it can be assigned any direction that is
convenient for the problem at hand.

» Example 1.2 Consider P, = (3,7),P, = (5,1),0; = (—4,2) and O, = (—16,—14) are points on a
plane. Then PIQ; = Q1 — P, = (—7,-5) and P,0, = Oy — P, = (—21,—15) =3(—7,-5). Therefore,
PO and P,Q; are parallel and have the same direction, since 3 > 0. "

= Example 1.3 Vector v = (1,2,3) and w = (—2,—4, —6) are parallel vectors because of w = —2v, but
have opposite direction. u
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1.2 Vector Addition and Scaler Multiplication 3

Definition 1.1.8 Two vectors v and w will be considered to be equal(or equivalence), v = w, if they
have the same magnitude and direction even though they may be located in different position. That is,
ifv=(v1,v) and w = (wy,w;) in R%,v = wif and only if v = w; and v2 = w».

Figure 1.2: Equal Vectors
The definition of equality of two vectors does not require that the vectors have the same initial and terminal

points. Rather it suggests that we can move vectors freely provided we make no change in magnitude and
direction.

1.2 Vector Addition and Scaler Multiplication

Definition 1.2.1 If v and w are any two vectors, then the sum v+ w is the vector determined as follows;
position the vector w so that its initial point coincides with the terminal point of v. The vector v+ w is
represented by the arrow from the initial point of v to the terminal point of w.

Figure 1.3: The sum of vector v and w

More than two vectors can also be added by joining the terminal point of the first to the initial point of the
second and so on, finally the result will be a vector from the initial point of the first to the terminal point
of the last vector.

Definition 1.2.2 If v is a non-zero vector and k a non-zero real numbers(scalar), then the product kv is
defined to be the vector whose length is |k| times the length of v and whose direction is the same as
that of v if k£ > 0 and opposite to that of v if k < 0. We define kv =0if k=0orv=0.

Note that the vector (—1)v has the same length as v but is oppositely direction. Thus (—1)v is just the
negative of v.

Figure 1.4: -v is in the opposite direction of v
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4 Vector and Vector Space

Vectors in Coordinate System

Let v be any vectors in the plane, that v has been positioned. So, its initial point is at the origin of
a rectangular coordinates system. The coordinates (vi,v,) of the terminal point of v are called the
components of v and we write v = (v1,v2). An order pair consists of two terms the abscissa(horizontal,
usually x) and the ordinate(vertical, usually y) which define the location of a point in two-dimensional
rectangular space.

The operation of vector addition in terms of components for v = (vi,v2) and w = (w1, w), then

‘It'l‘l'_-.]

-

Figure 1.5: The location of a point in two dimensional rectangular space

v+w=(vi+wi,va+w2)

Figure 1.6: The sum of vector v and w component wise

Definition 1.2.3 If v = (v;,v;) and k is any number or scaler. Then kv is a vector and defined as
kv = (kvy,kvy).

k¥

Figure 1.7: Scalar multiple vector

= Example 1.4 If u = (4,3,2) and & = 2, then o = 2(4,3,2) = (8,6,4). .
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1.3 Norm of vector and Scalar Product, Orthogonal Projection, and Direction Cosine$

If a vector v in 3-space is positioned. So its initial point is at the origin of rectangular coordinate
system, the coordinates of the terminal point are called the components of v, and we write v = (vi,v2,v3).

Figure 1.8: Position Vector

Definition 1.2.4 If v and w are any two vectors, then the difference of w from v is defined by

v—w=v+(—w)

Figure 1.9: The difference of vector v and w

= Example 1.5 Consider v = (1,2,4) and w = (3,1,2). Find v+ w, 2v and v — 2w.
Solution: From the definition of vector addition and scalar multiplication

viw = (1,2,4)+(3,1,2) = (4,3,6)
2v = 2(1,2,4)=(2,4,8)
y—2w = (1,2,4)—2(3,1,2) =(-5,0,0)

Properties of Vector addition and Scaler Multiplication

Let u,v and w be vectors in R* and o and 3 are scalers. Then
v+we R (RY)
V+wW=w+v S
u+ 0 = 0 +u=u, where 0 = (0,0) € R?
There exist w € R?, such that u+w = 6> for every u € R?
(u+v)+w=u+(v+w)
o(Bu) = (a)u
(a+Blu=ou+oau
8. l-u=u N
The properties described above also hold true for every vectors in R?, where 0 = (0,0,0) € R* and
generally is also true in R", where 6> =(0,0,0,---,0) € R".

NonA W=

1.3 Norm of vector and Scalar Product, Orthogonal Projection,
and Direction Cosines

1.3.1 Norm of a Vector
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6 Vector and Vector Space

Definition 1.3.1 Let v = (v{,v;) be a vector in R>. Then the norm or magnitude of v, denoted by ||v||

is defined by
vl = y/vi+v3

Similarly, for a vector w = (w1, w2, w3) be a vector in R3. Then the magnitude of w, denoted by ||w||

is defined by
Iwll = \/wi+w3 +w3

= Example 1.6 Find the norm of a vector u = (2,3,5,4).
Solution: From the definition of norm

fu| = 22432452442
= V449425416
V54

= Example 1.7 If ||v|| = 6, find x such that v = (—1,x,5).
Solution: From the definition of norm

M= /12
6 = (—1)2 +x2+52
36 = 1+4+x*+5°
2 = 10
x = £V10

Remark 1.3.1 o |[v]|#0ifv#0.
o vl =1—=vl

Theorem 1.3.2 If k € R, then |kev|| = |k]||v||-
Proof: Suppose that v € R", then

Wl = )2+ (v2)2 o (k2

= \/kz(v%—ﬁ—v%—i—m—i—vﬁ)

= \/l?ﬂv%—i—v%—i—m—i—v%

= |llvl

= Example 1.8 Let v = (1,3,5). Then find the norm or magnitude of the vector —3v.
Solution: From the definition and properties of the norm

[=3vl = [=3]
= 3v124324+52
= 3V1+9+25

3V/35
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1.3 Norm of vector and Scalar Product, Orthogonal Projection, and Direction Cosiney

J| Definition 1.3.2 A vector u satisfying ||u|| = 1 is called a unit vector.

= Example 1.9 The vector (0,1),(—1,0), (\f f) (1,0,0) are examples of unit vectors .

= Example 1.10 Find a unit vector in the same direction as w = (3, —4).
Solution: First, note that

Iwll =113, =4)| = /32 +(—4)> = V25 =5

A unit vector in the same direction as w is then u = 1w = 1(3,-4) = (2, 3*). .
wll 5 505

= Example 1.11 Find a unit vector in the same direction as (1,—2,3) and write (1,—2,3) as the product
of its magnitude and a unit vector.
Solution: First, we find the magnitude of the vector

I(1,-2,3)]| = 12+ (-2 43 = VT4

The unit vector having the same direction as (1,—2,3) is given by

1
\/—»(1 -2,3)= (T

Furthermore, (1,—2,3) = f(f \% i) .

S
=
~ [\
-
n

Remark 1.3.3 e All unit vectors in R? are of the form (cos 8,sin 0), where 6 € [0,27].
e For any non-zero vector w, the unit vector u corresponding to w in the direction of w can be
obtained as u = ﬁ

e For two points P; = (x1,y;,z1) and Py = (x2,y2,22) on the plane R3, we calculate the distance
d(Py,P,) between the two points as

—
d(P1P2) = BB = /(e =312 + (32— 1)+ (22— )2
where P P, is the vector with initial point P; and terminal point P5; that is,

—
PPy = (x —x1,y2 —Y1,22 — 21)

Figure 1.10: Vector

1.3.2 Scalar Product

I Definition 1.3.3 Suppose v and w be two vectors in R? or R® and 8 € [0, 7] represents the angle
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8 Vector and Vector Space

between them. Then scalar product of v and w is the number defined by

_J Ivlllwllcos® ifv#0andw#0
e 0 ifv=00rw=0

The scalar product of the two vectors is a scaler quantity and its value is maximum when 6 = 0° and
minimum if 8 = 180 and the scalar product is also called a dot product or inner product and its value are
scalar.

Let v = (v1,v2) and w = (w1, wy) be two non zero vectors. If 8 is the angle between v and w, then the law
of cosines yields

Figure 1.11: The dot product of two vectors

v =wl* = [[vll*+[wl* = 2[[v][[|w]| cos &
= 2|v[[lwllcos® = [[vl[*+[lw]* — [[v—w]
V112 4 [lwl|? = [lw =]

1

= [[vllilwlicos® = SIVI*+ Iwll* = flv = wlP’]
1

=veow = S[IVIP+ Wl = [l —wi?]

1
= E[v%+v%+w%+w%+2v1w1 +2vawy — v}

—v3 —wi—wj]

5[2v1w1 +2V2W2]
= VW] +Vvawy

Therefore, the dot product of the two vectors v = (vq,v,) and w = (w1, w,) are vectors in R®, the dot
product cab be
V-w =Vviw| +Vvawy

Similarly, if v = (v{,v2,v3) and w = (wy, w,w3) are non zero vectors in R>, the dot product can be

VW= ViW] +Vaws +Vviws

Properties of Scaler Product

If u,v and w are vectors in the same dimension and & € R, then

Low-u=||ul?

2.vw=w-vy

3. u-(v+w)=u-v+u-w

4. 0-u=0

5. (av)-w=a(v-w)=w-(av)

6. u-u>0andu-u=0ifand onlyifu =0

= Example 1.12 If v = (1,—2,3) and w = (0,1, —5), then find v-v, v-w and (v +w) - v.
Solution: From the definition of dot product and properties of dot product

vy = (1,-2,3)-(1,-2,3) =14
veow = (1,-2,3)-(0,1,-5)=—-17
v+w)-v = ((1,-2,3)+(0,1,-5))-(0,1,-5)
= 9
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1.3 Norm of vector and Scalar Product, Orthogonal Projection, and Direction Cosine$

1.3.3 Angle between two vectors

If O is the angle between two vectors v and w, then the angle between the two vectors can be obtained by

)

vew vew
cosf = ——— =0 =cos | (———
VIl VIl

where 6 € [0, 7]
= Example 1.13 Find the angle between the vectors v = (2,0,—2) and w = (2,2,0).

Solution: Let 0 be the angle between the two vectors, then

Vew 4

Wl ~ V3-8

cos =

From this, 6 = cos_l(%) —

wia
[ ]

Definition 1.3.4 Two non-zero vectors v and w are said to be orthogonal(perpendicular) if and only if
v-w=0;thatis, 6 = 7.

= Example 1.14 Find the value(s) of x such that the vectors v = (1,4,3) and w = (x, —1,2) are orthogonal.
Solution: From the definition of orthogonality

v-w = 0
= (1,4,3)- (x,—1,2) =0
= x—446=0
= x=-2

I Remark 1.3.4 If v is orthogonal to w, then it is also orthogonal to any scaler multiple of w.

Definition 1.3.5 If P and Q are points in 2 or 3 space, the distance between P and Q, by using dot
product, denoted by ||P — Q|| is given by

1P=Ql=v(P-0Q)-(P—Q)

Theorem 1.3.5 Given two vectors v and w in space, ||[v+w|| = |[v —w|| if and only if v and w are
orthogonal vectors.
Proof:(=-:) Given ||[v+w/|| = ||v —w||, we want to show v and w are orthogonal

+wl? = (v+w)-(v+w)

= VI +2vw+ [|w]?
y=wl* = (v=w)-(v—w)
= [II* —2vw+[w]?
By hypothesis ||v+w| = ||v—w|| implies that ||v||? 4 2vw + [|w]||? = ||v||* — 2vw + ||w||?>. From this,

4v-w = 0. Therefore, v and w are orthogonal.
Proof:(:<=) Given v and w are orthogonal, we want to show ||[v+w|| = ||[v —w||

lv+w|? V117 + 2w + [|w]?
ly=wl* = [vII* ~2vw+|lw]?
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10 Vector and Vector Space

since v and w are orthogonal, v-w = 0. Therefore, ||[v+w|| = |[v—w].

Theorem 1.3.6 Pythagoras Theorem
If v and w are orthogonal vectors, then ||v +w]||> = [|v|]*> + ||w|*.
Proof: v+ w]||?> can be rewritten as

+wl? = (vw)-(v+w)
= IP+2v-w+ wlf?

[v]|*> 4 ||w]|?, since v-w =0

= Example 1.15 Find any unit vectors that are orthogonal to the vector v = (6,8).

Solution: Let w = (a, ) be a unit vector orthogonal to v, then ||w|| =1=va?+b? and v-w = 6a+8b =0.
By using simultaneous equation, w = (<, 2) orw = (%, 2). .
= Example 1.16 If the angle between the vector v and w is 6 = Z with each other and ||v|| = /3 and
[lw]| = 1, then calculate the cosine of the angle between the vectors v+w and v —w.

Solution: Let A =v+w and B = v —w. Now we need to find the angle between A and B. If ¢ is the angle
between A and B, then

A-B
cosp =
ANl[B]|
o vEw)-(v—w)
[v+wll[[v—wl
_
N4i
1
-1
= = cos (—
¢ (\ﬁ)
Since
v+wll® = VP +2v-w+|w?
= 3+2(\@)(1)c0sg+1
= 7
v+w| = V7
[v—w| = 1
vFw)-(v=w) = [pP=[w|>=1

= Example 1.17 Let v and w be a pair orthogonal vectors such that ||v|| = ¢ and ||w|| = r. Find the angle

between the vector p = % and the vector v.

Solution: Let 0 is the angle between the vector p and v. Then

cos§ = LV
IvIHpll
_ (twtrv)ew
@ +nlvllpl
 tvewr|pf?
(t+r)lpl
rt .
—————sincev-w=0and ||v]| =1
(t+nlpl
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1.3 Norm of vector and Scalar Product, Orthogonal Projection, and Direction Cosingsl

But

llew +rv||?
(t+r)?
2wl +2tr(v-w) + 72 |v|)?
(t+r)?

2
lpl™ =

2(tr)?
= (t(Jrr))z sincev-w=0
’

ﬁrt
t+r

Ilpll =

Thus, cos 6 = (,f:,> (\’/;:t) = % = @; that is, @ = cos™! (%2) = Z. -

|

1.3.4 Orthogonal Projection

Definition 1.3.6 Suppose S is the foot of the perpendicular from R to the line containing fﬁ, then the

magnitude of the vector with representation IT.>S‘ is called the component of w along v and is denoted by
Comp,w; that is,

Comp,w = |[w|cos@
where 0 is the angle v and w
vew vew
= v since cos =
vlwi VIl
v-w

vl

Figure 1.12: Component of w along v

Definition 1.3.7 The projection of w on to v is defined to be the vector w in the direction of vector v,
which is denoted by Proj, w; that is,

vV-w %
Projw = (~ ) L
i = O
V-w
= —FV
TE
v-w A% vV-w
Proj,w = (——)+— = v
=P~ Ve

= Example 1.18 Find the component of v along w and the projection of v on to w, where v = (1,2) and
w=(3,4).
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12 Vector and Vector Space

Solution: Since

V-w
Comp,v = ——

S 7
1x3+2x%x4

5
11

5
Similarly,
vVew, w

Proj,v = (L)
o= (T

11 3 4

5 (55
33 44)

= (3535

I Remark 1.3.7 Comp,w # Comp,,v and Proj w # Proj,,v

Theorem 1.3.8 Let u be a non-zero vector, then for any other vector w
w-u
V=W———>=-U
Jue]]?

is orthogonal to u.

Proof:
w-u
viu = (W——5-u)-u
]|
w-u 2
= w2l
el 2
= wu—w-u

=0

= Example 1.19 Find an orthogonal vector to u = (0,2,0,2,1).
Solution: Let w = (0,—1,0,—1,0), then

weu
vV = wW———-u
[Jul[

1
= -(0,-1,0,-1,0
9(7 P ’)

is orthogonal(perpendicular) to u. "

Theorem 1.3.9 Cauchy-Schwarz inequality
For any two vectors v and w
vew < [vlf[[w]

Equality holds if and only if either v is a scalar multiple of w or one of v or w is 0.
Proof: Let p is the end point of proj,,v; that is, p = proj,,v and let d is the distance from the terminal
point of v to the terminal point of the vector proj,,v from the figure below, d = ||v — WW”
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1.4 The Vector product 13

So, from the above assumption, the square of the distance from the line to the origin to be

2 2
Vv-w Vv-w v-w
|v— 2W||2 V.W_2u+u
[Iwl| wew wew
i - &2
[l
1
= W(IIWIIZIIWIIZ—(V'W)Z)

Since the number is a square, it can not be negative. Hence

(v-w)?

=>V-w

2 2
VI [lwll

<
< vlliiwl

Figure 1.13: The distance from a point on vector v to a point p on vector w

Theorem 1.3.10 Triangular Inequality
For vectors v and w in space
[V wll < vl +[|wll

Proof: |[v+w|? = (v+w)- (v+w) = ||| +2v-w+||w|?
By the cauchy-schwarz inequality, we have

IVI1Z +2v- w+[|w]?

2 2
VI 2[vIl Il + [wl]
(vl + lIwlh)?

v +w®

IN A

Hence,

[v+wll < v+ Iwll

1.3.5 Directional angles and cosines

Let u = uyi+ ua j + usk be a vector positioned at the origin in R, making an angle of &, B and 7y with the
positive x,y and z — axis respectively. Then the angles o/,  and 7 are called the directional angles of u,
and the quantities cos &, cos fand cos ¥ are called the directional cosines of u, which can be computed as
e coso = H“TIH,(X € [0, 7]
o cosfB = 2. B €[0,7]
u

o cosy= 4,y €[0,7]

flu

I Remark 1.3.11 cos? o +cos? 8 +cos?y =1

1.4 The Vector product

Given two non zero vectors v = (v, vy,v3) and w = (w1, wp, ws), it is very useful to be able to find a non
zero vector u that is perpendicular to both v and w. If u = (u;,u2,u3) is such a vector, then u-v =0 and
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14 Vector and Vector Space

Figure 1.14: Directional angles

u-v=uvy+uyvy+usvz =0 (1.1)
u-w=uwy+uywr+uzwz =0 (1.2)

To eliminate 3 multiply (1.1) by wz and multiply (1.2) by vz and subtract the second equation from the
first, then
uy (wavi —vawi) +ua(wsvy —v3wz) =0 (1.3)

Equation (1.3) has the form pu; + quy = 0, where the solution for u; = g and u, = —p. So, the solution
of equation (1.3) is
u; = (vaws —v3wy) and up = (vawy — viws3) (1.4)

Substituting equation (1.1) and (1.2), we get
uz = (viwy —vowy) (1.5)
That means a vector perpendicular to both v and w is
(u1,uz,uz) = ((vaws —vawa), (V3w —viws), (viwa —vawy)) (1.6)

The resulting vector is called the cross product of v and w denoted by v x w.
Definition 1.4.1 The cross product(or vector product) v X w of two vectors v = (vi,vy,v3) and w =
(w1, wp,ws) is defined by

vXw=((vaw3 —v3ws), (v3wi —viws), (viwa —vawy))

Or, v x w = nl||v||||w]|| sin 8 , where n is the unit vector in the direction of v x w and 6 € [0, 7] is the
angle between v and w.
The cross product of two vectors is a vector.
= Example 1.20 Compute (1,2,3) x (4,5,6).
Solution: From the definition of vector product, we have
(1,2,3) x (4,5,6) = ((2x6—-3x%x5),3x4—1x6),(1x5—-2x4))
= (737 67 73)

Standard Unit Vectors

Consider the vectors
i=(1,0,0),j=(0,1,0),k=(0,0,1)
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1.4 The Vector product 15

These vectors each have length 1 and lie along the coordinate axis. They are called the standard unit
vectors in R®. Every vector v = (v1,v,,v3) in R? is expressed in terms of 7, j and k since we can write

V. = (V17V27V3)
Vl(l,O,O)+VQ(0,170)+V3(0,0, 1)
= vii+wvjt+vk

I (0.0, 1)

] ¥
e
2 (0, 1,00
i

/. (1,0, 0)
v

Figure 1.15: Standard unit vectors

= Example 1.21 Compute (2,1,3) x (1,3,2).
Solution: From the definition of vector product, we have

(2,1,3)x(1,3,2) = i(1x2-3x3)—j(2x2-3x1)+k(2x3—1x1)
= —7i—j+5k
= (=7,-1,5)

Remark 1.4.1 For two non zero vectors v and w,
1. v X wis a vector which is orthogonal to both v and w
2. v x w is not defined for v,w € R?; that is, cross product is defined only in R>. There is no
corresponding operation for vectors in R”.
3. eixj=—(jxi)=kbutixi=0
o jxk=—(kxj)=ibutjxj=0
o kxi=—(ixk)=jbutkxk=0
The cross product of two consecutive vectors going clockwise is the next vector around, and
the cross product of two consecutive vectors going counterclockwise is the negative of the next
vector around.

Figure 1.16: The cross product of two consecutive standard unit vectors

Properties of Cross Product
Let u,v and w be vectors in R? and o be any scaler. Then
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uxﬁzﬁxu:ﬁ, whereﬁz(0,0,0)

vxw=—(wxv)

ux (vxw)#£(uxv)xw

(av) xw=vx(aw)=a(vxw)

ux (v4+w)=(uxv)+(uxw)

ve(vxw)=w-(vxw)=0

If v and w are parallel, then v x w =0

[[vxwl| = [[v][[|w]|sin6,6 € [0, 7]

< wl = [v]2w]]2 = (v- w)?

v xw = n||v||||w| sin 6, where n is the unit vector in the direction of v and w and 6 € [0, 7] is the
angle between v and w.

CORXIAANDE DD~

[y

Remark 1.4.2 The angle 6 between v and w can be obtained by sinf = w for two non zero

vectors v and w.

Definition 1.4.2 Let u,v and w be vectors in R>. Their scaler triple product is given by
u-(vxw)=v-(wxu)=w-(uxv)

which is a scalar.

Application of Cross Product

1. Area
Let v and w be vectors and consider the parallelogram that the two vectors make. Then the area of
the Parallelogram is given by

[[vxwl = [[vI[[[wl]|sin 6|
Since
Area = (Base)(Altitude)
= [Wlllwlsin6
= [vxw|

Figure 1.17: Area formed by vector v and w

Remark 1.4.3 The direction of v X w is a right angle to the parallelogram that follows the right
hand rule.

= Example 1.22 Find the area of the parallelogram with two adjacent sides formed by the vectors
v=1(2,1,3) and w = (4,2,3).
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1.4 The Vector product 17

Solution: From the definition of vector product, we have

vxw = (2,1,3)x(4,2,3)
= i(1x3-2x3)—j(2x3-3x4)+k(lx2—-4x1)
= -3i+6j—2k
lvxw| = 32462+ (—2)2
= V49
=7
Therefore, the area of the parallelogram is given by 7. "

Remark 1.4.4 The area of the triangle formed by v and w as its adjacent sides is given by
Area = 1|[vx w|

» Example 1.23 Letu = (—1,1/3,0),v=(1,—1,1) and w = (0, 1, —2) be vectors in space. Then
find

(a) The unit vector in the opposite direction of u.

(b) The area of the parallelogram formed by u and w.

(c) The angle between u x v and u — v.
Solution:

(a) The unit vector in the opposite direction of u is given by

—u (1 —\/§ )
luft 72727
(b) The area of the parallelogram is given by
Area = |luxw| = V6

(c) Since the u x v is orthogonal to both u and v, it also orthogonal to u — v

» Example 1.24 If the area of an equilateral triangle with adjacent sides v and w is 50v/3c¢m?, then
find v-w.

Solution: Since it is an equilateral triangle, the angle between v and w is 8 = %. The area A of the
triangle is

1
A = Z|vx
rea 2||v wl|

1 . T
= Slillwlsin3

3
= L2
T2 2

V3

=~ vlHliwll

4

4
= [vllwl = —zArea

V3
4
= —50V3
V3
= 200

Therefore,

<
<
|

T
Il Iwilcos %

1
= 200(3) = 100
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18 Vector and Vector Space

= Example 1.25 Find the area of the triangle having vertex at P = (3,—2,—1), @ = (1,3,2) and
S=(-2,1,3).
Solution: Let v = I@ =(-2,5,3)and w= PS = (=5,3,4), then

1
Area = EHV X w||

1
—||(=11,-7,19
S(=11,-7,19)]

1
= =v531
2

2. Distance
Let d represent the distance from the point Q to the line through the points P and R. From the
elementary trigonometric, we have

d=||PQ||sin6

\/

Figure 1.18: The distance from point Q to the vector PR

Where 0 is the angle between I@ and ﬁ Again, we have

IPOxPR| = |PO||PK||sin6

|IPR|d

_ PO PR|
|PR|
= Example 1.26 Find the distance from the point Q = (2,1,3) to the line through the point
P=(1,3,2) and R = (1,4,3).
Solution: First, we need position vectors corresponding to Fé and P-I)?; that is, Fé =(1,-2,1) and
PR=(0,1,1). So,

POxPR = (1,-2,1)x(0,1,1)
i(—2x1—1x1)—j(Ix1=1x0)+k(lx1—(-2)x0)
—3i—j+k

Solving this for d, we get

‘We then have

. _ PO PRj
|PR|

aE

| =
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1.5 Lines and planes in R? 19

3. Volume
For any three non-coplanar vectors u,v and w. Consider the parallelepiped formed using the vectors
as three adjacent edges.

Figure 1.19: Volume formed by vectors u, v and w

The volume of such a solid is given by
Volume = (Area of base)(Altitude)

Further, since two adjacent sides of the base are formed by the vector «# and v, we know that the
area of the base is given by ||u x v|| and the altitude is given by

w-(uxv)
C =|—>"
(Comp, ] = |5
The volume of the parallelepiped is then
- (ux
Volume = |juxv|- weuxv)
[l v
= |w-(uxv)]

Therefore, the volume of the parallelepiped spanned by three vectors u,v and w in R? is given by
the triple product:

Volume = |u- (v xw)| =|v-(wxu)| = |w- (uxv)]|
= Example 1.27 Find the volume of the parallelepiped with the vectors u = (1,0,1), v=(2,1,4)
and (0,1, 1) as three of its edges.

Solution: The volume of the parallelepiped V is the absolute value of the triple scalar product of
the three vectors u,v and w. Thus,

V = |u- (v x w)| = lcubic unit

= Example 1.28 Find the volume of the parallelepiped with three adjacent edges formed by the
vectors u = (1,2,3),v=(4,5,6) and w = (7,8,0).

Solution: The volume of the parallelepiped V is the absolute value of the triple scalar product of
the three vectors u,v and w. Thus,

V = |u-(vxw)|= Icubic unit
= [72x6—-5%x3)—8(1x6—4x3)+0(1x5-2x4)]
= [27]
= 27
Therefore, the volume of the parallelepiped is 27. "

1.5 Lines and planes in R>
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20 Vector and Vector Space

Definition 1.5.1 A vector v = (a,b,¢) is said to be parallel to a line ¢ if v is parallel to 170—1?1 for any
two distinct points Py and P; on /.

Equation of a line

Let Py = (xo0,y0,20) be a given point on a line £ and P = (x,y,z) be any arbitrary point on [. If v = (a,b,c)
is parallel to /, then
1. The parametric equation of a line /¢ is given by
® X =xo+at
°® y=yo+bt
e 7 =17z09+ct,t € R, where is called the parameter.

Figure 1.20: The line ¢ parallel to vector v

2. The symmetric equation of a line /¢ is given by

Here, in the equation of a line, a, b or ¢ may be zero but it doesn’t mean undefined. For instance
b = 0, the symmetric equation of a line ¢ is given by

X — X0 Z—20
= 7y:y0
a c

and the line ¢ is parallel to xz—plane.
3. The vector equation of £ is written as
r—ro=tv
where t € R, ro = xoi +yoj + 20k and r = xi +yj + zk.
= Example 1.29 Find the parametric and symmetric equation of the line passing through the point
(2,3,—4) and parallel to the vector (—1,2,5).
Solution: Let P = (x,y,z) be any arbitrary point on a line ¢ which contain a point Py = (2,3,—4). So
Iﬁ' = tv where v is a vector parallel to £ and ¢ is some parametric value.

RP = 1w

= (x—2,y—2,z4+4) = 1(—1,2,5)

= (—1,2t,51)
=>x—-2 = -t
y—2 = 2t
z+4 = 5t

x=2—t

= y=2+2t Parametric form of ¢
7=—4+5t

From parametric form of equation of a line we have symmetric form of the equation of a line. Hence

x=2 y—-2 z+4
-1 2 5
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1.5 Lines and planes in R? 21

is symmetric form of the equation of a line. u

= Example 1.30 Find equation of a line through P, = (0,1,2) and P, = (—1,1,1).
Solution: Let P = (x,y,z) be any arbitrary point on a line ¢, then the vector fﬁ is parallel to the vector
ITP; = v; that is

Rb—

Since, a point P; on the line ¢ and a vector v parallel to the vector formed by two point of the line. Take P
andv=P—P,.

PP = 1w

=x—-0,y—1,z—-2) = (-1,0,—1)

= (=1,0,—1)
=x = —t
y—1 = 0
z2—2 = —t

xX=—t

= y=1 Parametric form of ¢
7=2—t

From the parametric form of the equation of the line by giving distinct values for + we will obtain distinct
points on the line and from the parametric form of the equation of the line we will have a symmetric form
of the equation of a line

x=t(—1),y—1=1(0),z—2=1¢(-1)

—_—= — 721‘
O e

X y—1 z=-2
= =1 ==

—1 0 —1

is a symmetric form of the equation of a line. Here in the equation of a line, % doesn’t mean it is
undefined but it means the line is parallel to xz plane. .

= Example 1.31 Find an equation of a straight line passing through the points Py = (1,2,—1) and
Qo = (Sa _355)
Solution: First, we need to find a vector that is parallel to the given line. The obvious choice is

v=R0=(5—1,-3-2,4— (1)) = (4,-5,5)

Picking either point will give equation for the line and let P = (x,y,z) be any arbitrary point on ¢, then
PyP = tv; that is,

PP = 1

=@x—-1,y=2,z+1) = 1t(4,-5,5)
= (4t,—51,51)
=>x—1 = 4
y—2 = =5t
z+1 = 5t
x=1+4¢
= y=2-5¢ Parametric form of ¢
z=—1+45¢

Similarly, the symmetric equation of the line is

x—1 y—=2 z+1
4 -5 5
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22 Vector and Vector Space

= Example 1.32 Find the equation of a line that contains the point (1,4, —1) and parallel to v = (—2,3,0).
Solution: Let P = (x,y,z) be any arbitrary point on a line ¢ which contain a point Py = (1,4,—1). So,

ﬁ = tv where v is a vector parallel to ¢ and ¢ is some parametric value.

RP =

= x—1,y—4,z4+1) = 1(-2,3,0)
= (=21,3t,0)
=x—1 = =2
y—4 = 3t
z+1 = 0Ot
x=1-2t
= y=4+73¢ Parametric form of ¢
z=1

From parametric form of equation of a line we have symmetric form of the equation of a line. Hence

x—1 y—4 z—1
-2 3 0

or
x—1 y—4 1
2 T 3 0t

is symmetric form of the equation of a line. n

= Example 1.33 Determine if the following two lines are parallel or identical

£l x=4+4+t,y=3-2t,z=2+tand
b x=3-2s,y=2+44s,7=4—12s

Where ¢ and s are some parameter values.
Solution: First look at the direction vectors:

vi=(1,-2,1) and v, = (-2,4,2)
= vy = —2V

Which shows the two lines are parallel. Now, we must determine if they are identical. So, we need to
determine if they pass through the same points. So we need to determine if the two sets of parametric
equations produce the same points for different values of ¢ and 5. Let t = O for line ¢, the point produced
is (4,3,2). Set the x from line ¢, equal to the x-coordinate produced by line ¢; and solve for s.

1
4=3-25=s5=—=
S S B

Now, let s = —% for line ¢, and the point (4,0, —1) is produced. Since the y and z—coordinates are not
equal, the lines are not identical. n

= Example 1.34 Determine if the lines intersect. If so, find the point of intersection and the cosine of the
angle of intersection.

4y x=3+2t,y=-2t,z=4—tand
ly: x=4—s5,y=3+5s5,2=2—35

Where ¢ and s are some parameter values.
Solution: Direction vectors is given by

vi=(2,-2,—1)and v, = (—1,5,—1)
=V #kvl
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1.5 Lines and planes in R? 23

Therefore those two lines are not parallel. Thus they are either intersect or they are skew lines. Keep in
mind that the lines may have a point of intersection or a common point, but not necessarily for the same
value of r and s. So, equate each coordinate.

x:342t=4—s
y:—2t=3435s System of 3 equation with 2 unknowns
72:4—t=2-5

Solve the first two equation and check with the third equation. So, t = 1 and s = —1. Therefore, ¢; at
t = 1 produces (5,—2,3) and ¢, ats = —1 produces the point (5,—2,3). So the lines intersect at this point.
To find the angle of intersection of the two lines,

V1-V2

cosf = ———
[villlfvzl

where 0 is the angle between v; and v,. The angle 0 between two intersecting lines should be less than
90, so we use absolute value in the numerator.

vievs

vel[fvzl
(2,-2,-1)-(=1,5,—1)]
12,2, = DIIlI(=1,5,—1)]|
11

9v3

cosf =

Equation of a plane

A plane in space is determine by a point Py = (xo, Y0, 20) in the plane and a vector n = (a, b, c) is orthogonal
to the plane. This orthogonal vector 7 is called a normal vector.
Suppose that P = (x,y,z) be any arbitrary point in the plane, then

n- (BP)=0

= (a’b’c> : (X_XOaY_YOaZ_ZO) =0

ax+by+cz— (axo+byo+cz0) =0

< ax+by+cz+d =0, where d = —(axy + byy + cz0)

Figure 1.21: The normal vector n to the plane

= Example 1.35 Find equation of a plane that contains point (—2,4,3) and is normal to (3,0, —2).
Solution: Let P = (x,y,z) be any arbitrary point in the plane which contain a point Py = (—2,4,3) and
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24 Vector and Vector Space

having the normal vector n = (3,0, —2). So, the vector Iﬁ is orthogonal to n, since n is orthogonal to the

plane; that is,
n-Pyb =0

So
n-RP=0
(3,0,—2) - (x+2,y—4,z—3)=0
3(x+2)4+0(y—4)—2(z—3)=0
3x+6+0—-2z+6=0
3x—2z4+12=0
Therefore, 3x —2z+ 12 = 0 is the equation of the plane. .

= Example 1.36 Find equation of a plane that contains point (—1,2,3) and is perpendicular to the y-axis.
Solution: Let P = (x,y,z) be any arbitrary point in the plane which contain a point Py = (—1,2,3) and
having the normal vector n = (0,1,0) since y-axis is the normal vector to the plane. So, the vector Iﬁ is
orthogonal to n, since n is orthogonal to the plane; that is,

n'ﬁzo

So
n-PyP =0
(07170) : (X+ 17y727zi3) =0
0(x+2)+1(y—2)+0(z—=3)=0
y—2=0
y=2
Therefore, y = 2 is the equation of the plane which is parallel to xy-plane. "

= Example 1.37 Find the plane containing the three points P = (1,2,2), 0 =(2,—1,4) and R= (3,5, -2).
Solution: First, we will need to find a vector normal to the plane. Here, the two vectors lying in the plane
are @ =(1,-3,2) and @% = (1,6, —6). Consequently, one vector orthogonal to both of @ and @% is

the cross product
PO x 0k = (6,8,9)

Since Iﬁ and ﬁ are not parallel, @ X Q_f? must be orthogonal to the plane containing the vectors @
and QR. Now, let P = (x,y,z) be any arbitrary point in the plane which contain a point Py = (1,2,2) and

having the normal vector n = (6,8,9). So, the vector Iﬁ is orthogonal to n, since n, the cross product
result, is orthogonal to the plane; that is,
n-RP =0

So

n-ﬁzO

(6,8,9)- (x—1,y—2,z—2)=0
6(x—1)+8(y—2)+9(z—2)=0
6x—6+8y—16+9y—18=0
6x+ 18y +9y —40 =0
6x+18y+9y =40

Therefore, 6x + 18y + 9y = 40 is the equation of the plane. "
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Definition 1.5.2 Two planes are said to be parallel if their normal vectors are parallel. They are said
to be perpendicular if their normal vectors are perpendicular. The angle between two planes is defined

to be the angle between their normal.

= Example 1.38 Consider the planes

m:x+2y—3z=2and
M 15x—9y—z=2

Determine the above two planes are parallel or perpendicular.

Solution: Here n; for the plane m; is (1,2, —3) and n; for the plane 7, is (15,—9,—1). So

nonp = (1,2,-3)(15,-9,-1)
= 15-18+3
0

This implies that plane 7; and 7, are perpendicular.

= Example 1.39 Find the cosine of the angle 0 between the plane

m:2x+4y—z = Oand
mix—y+2z = 2

Solution: n; = (2,4,—1) and ny = (1,—1,2) are the normal vectors of 7; and 7,, respectively. Let 0 be

the angle between 7| and m,. Then 0 is the angle between n; and n;

cos — Mmoo
1]l
24 (—4)+(-2)
VAFT6+1V1+1+4
—4
126

= Example 1.40 Find the line of intersection for the planes 7 : x+3y+4z=0and m, : x —3y+2z=0.
Solution: To find the common intersection, solve the equations simultaneously. Multiply the first equation

by —1 and add the two to eliminate x; that is,

—x—3y—4z=0
x—3y+2z=0

1
= —6y—2z=0o0ry= —32
Back substitute y into one of the first equations and solve for x.

1
x+3(—§z)+4z=O

x—z+4z=0
x= -3z

Finally if you late z =, the parametric equations for the lines are
1
= —31‘7 = — 7[7 =t
x y 32

where ¢ is some parametric value.
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26 Vector and Vector Space

Distance in Space

e Distance from a point to a line
The distance D from a point Q(not on ¢) to a line £ in space is given by

where u is the directional vector of ¢ and P is any point on £.

e Distance from a point to a plane
The perpendicular distance D of a point Py = (xo,y0,20) in space to the plane with equation
ax—+by—+cz+d = 0is given by

D= laxo + byo + czo +d|
Va?+b%+c?
n4
Yo To)
proj, OFy -

D

Figure 1.22: The distance from a point to a plane

e Distance between two parallel planes
Given two parallel planes 7; and 7. Then we can have normal vectors with coefficients a, b, ¢ to
be the same such that
miax+by+cz+d; = O0Oand
miax+by+cz+dy, = 0
Then the distance between 7; and 7, is given by
|di —dy
Va*+ b2+ c?
= Example 1.41 How far is the point p = (1,2,3) from the plane with equation 7 : 3x+ 5y —4z+37 =0.
Solution: Here (xq,y0,20) = (1,2,3), n = (3,5,—4) and d = 37. Thus,
laxo + byo +czo +d|
Va%+b? + 2
[3(1)+5(2) —4(3) + 37
V50
19v2

= unit
5

D =

= Example 1.42 Let Q = (1,3,5), Py=(—1,1,7) and n = (—1,1,—1). Find the distance between Q and
the plane through Py and perpendicular to 7.
Solution: Let P = (x,y,z) be any arbitrary point on a plane which contain a point Py = (—1,1,7) and

perpendicular to n; thatis, n- PpP = 0. So

n-H?zO

= (—1,1,—1)-((x,y7z)—(—1,1,7)) =0
= —x+y—z=1+1-7

= —x+y—z=-5
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1.6 Vector Space and Subspace 27

Therefore, —x+y —z = —5 is the equation of the plane and ||n|| = VI1+1+1= V3,0-Py=(2,2, -2)
and (Q — Py) -n = —2+2+2 =2. Hence the distance D is

[—1(1)+1(3) 4+ (—1)5+3|

V3
2
V3
Therefore, the distance between Q and the plane is % "

1.6 Vector Space and Subspace

Definition 1.6.1 Let F be a set of numbers. Then F is said to be a field under the usual addition *+’
and scalar multiplication *-” denoted by (F,+, ) if it satisfies the following conditions:
1. If x and y are elements of F, then x+ y and xy are also elements of F'.
2. If x is an element of F, then —x is also an element of F. Furthermore, if x # 0, then x1isalso
an element of F.
3. 0 and 1 are elements of F.

= Example 1.43 The set of all real numbers R, rational numbers Q and the set of all complex numbers C
are fields but not integers Z because if x € Z, but x 1 ¢Z. n

The essential thing about a field is that its elements can be added and multiplied and the results are also
elements of the field. Moreover, every element can be divided by a non-zero element.

Definition 1.6.2 A vector space V over a field F is a set of non empty objects which can be added and
can be multiplied by elements of F, it satisfies the following properties.
1. Closure
For any vyw € V, we have v+w e V.
2. Associativity
For any u,v,w € V, then (u+v)+w=u+ (v+w).
3. Commutativity
Forvyw €V, we have v+w=w+v
4. Existence of Identity
There is an element of V, denoted by O(called the zero element), such that O0+u =u =u+0
for all elements u of V.
. Existence of Inverse
For u € V, there exists —u € V such that u+ (—u) = 0= (—u) +u.
. ForueVanda e F,thenauecV.
. Forv,weVand o € F, then a(v+w) = av+ aw.
.ForueVando,B eF, (a+f)u=oau+pu.
. ForueVand a,f € F, then (a8 )u = o.(Bu).
. ForallueV,then lu=usincel € F.

|91

S O 00

It is important to realize that a vector space consists of four entities: a set of vectors, a set of scalars, and
two binary operations. When you refer to a vector space be sure all four entities are clearly stated or
understood. Unless stated otherwise, assume that the set of scalars is the set of real numbers.

= Example 1.44 Show that R* = {(x,y,z)|x,y,z € R} with addition defined as addition of points and
scalar multiplication of points by scalars is a vector space over R.
Solution: Let (x1,y1,21), (x2,¥2,22), (x3,¥3,23) € R>, and & and B € R. Then

L (x1,y1,21) 4 (x2,52,22) = (¥1 +%2,y1 +¥2,21 +22) € R
Closure is hold.

Any one can get this soft-copy from Google site Exodus4Wisdom (©Natnael Nigussie
natnaelnigussie @ gmail.com
natnael.nigussie @aastu.edu.et



28 Vector and Vector Space

((x1,y1,21)+ (x2,¥2,22)) + (x3,¥3,23)
= (%1 +x2,y1 +y2,21 +22) + (x3,3,23)
= ((x1 +x2) +x3, 1 +y2) +y3,(z1 +22) +23)
= (x1 4 (x2+x3), 1+ (2 4+3),21 + (2 +23))
= (x1,y1,21) + (X2 +x3,y2 +y3,22 +23)
= (x1,1,21) + ((x2,2,22) + (x3,¥3,23))

Addition is associative

(x1,01,21) + (x2,¥2,22) = (x1+x2,51 +y2,21 +22)
= (n+x,y2+y,2+21)
= (x2,¥2,22) + (x1,y1,21)

Addition is commutative

4. (xlaYth) + (O,O;O) = (xla)’th) = (05070) + (xlaylazl)
Their existence identity

(xl,Y1,Zl)+(*x1ﬁy1ﬁZl) = (Xl,)’hzl)*(xlvyl,m)
=0

6. a(x1,y1,21) = (@xy, oy, 0zy) ER’

7. a((x1,y1,21) + (x2,¥2,22)) = @(x1,y1,21) + @(x2,¥2,22)
8.

(a+B)(xi,y,z1) = (4 B)xr, (+B)yr, (¢ +B)z1)
= (oxy + Bxy, oy1 +By1), az1 + Pz1))
= alx,y,z1) +Bxr,yi,21)
= o(x,y1,21) + B(x1,y1,21)

9.

(aB)(x1,y1,21) (aB)xi, (af)y1, (af)z1)

a(fxr),a(Byr),a(Bz1))

(
(

= a(Bx1,Byi,Bz1)
= a(B(x1,y1,21))
10. 1(xy,y1,21) = (Lxg, Iyy, Lzn) = (e, y1,21)

Hence, R3 is a vector space over R. n
= Example 1.45 R is a vector space over it self. "
= Example 1.46 R" with standard operations is a vector space. .
= Example 1.47 All polynomials of degree 2 or less is a vector space. .
= Example 1.48 All 3 x 4 matrices are vector space. "

= Example 1.49 The set defined by S = {(x,y,z)|x.y.z € Q} is not a vector space over R because if we
take @ = v/2 € Rand v = (1,3,0) € S, then we can see that v is not in S. .

Definition 1.6.3 Suppose V is a vector space over F and W is a non-empty subset of V. If, under
the addition and scalar multiplication that is defined on V, W is also a vector space then we call W a
subspace of V.
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1.7 Linear Dependence and Independence 29

Theorem 1.6.1 A subset W of a vector space V is called a subspace of V if

1. W is closed under addition; that is, if vyw € W, thenv+w € W

2. W is closed under scalar multiplication; that is, if ve W and a € F, thenav €¢ W.

3. W contains the additive identity 0.
Then as W C V, properties of vector space are satisfied for the elements of W. Hence W itself is a
vector space over F. We call W a subspace of V.

= Example 1.50 V and {0} are the trivial subspaces of any vector space V. u

» Example 1.51 Let V = R and W = {(x,0,0)|x € R}, show that W is a subspace of V.
Solution: Let v,w € W. Then v = (x1,0,0), w = (x2,0,0) for some x;,x, € R. So
1. v+w=(x1,0,0) + (x2,0,0) = (x; +x2,0,0) e W
2. Let a be a real number, then otv = (ax;,0,0) € W since ax; € R
3. 0= (0,0,0) € W when x; =0
Hence, W is a subspace of V. "

» Example 1.52 Let V = R*, A be a fixed vector in R* and W = {B = (x,y,z,w)|A- B = 0}. Show that W
is a subspace of R*.
Solution: Here W C R*
l. Let B,C e W,thenB-A=0and C-A=0. So, (B+C)-A=B-A+B-A=0.Hence B+C cW.
2. Let ot € R, then oB-A = at(B-A) = a0 = 0. Hence aB € W.
3. (0,0,0,0)-A = 0, then (0,0,0,0) € W.
Therefore, W is a subspace of R*. n

= Example 1.53 The set of all lines passing through the origin, L = {ax+ by = 0,a,b € R} is a subspace
of vector space V = R
Solution: From the the theorem

1. Let Ly = {ax; + by, =0,a,b € R} and L, = {ax, + by, = 0,a,b € R}, then

Li+Ly={a(x;+x)+b(y1 +y2) =0,a,b€R} €L
2. LetL; = {ax; +by; =0,a,b € R} and cL; = {c(ax; +by)) =0,a,b € R} € L

3. L={a(0)+5(0) =0,a,b € R}, this implies that the line is passes through the origin.
Therefore, L is the subspace of V. .

Theorem 1.6.2 The intersection of the subspaces W; and W, of a vector space V is also a subspace.
Proof: Here W| and W, are subspace of V. Now we have to show that the intersection is also a subspace.
1. Let x,y € Wi NW,, then x,y € W| and x,y € W,. But since we know that W, is a subspace,
x+y € W;. Similarly, one can show that x+y € W, and therefore x +y € W,. So, Wi NW, is
indeed closed under addition.
2. Let a € F, then ax € W since W is a subspace. Similarly, oex € W,. From this ax € Wy NW,
follows. So, Wi NW; is closed under scalar multiplication.
3. 0 € W since W is a subspace. Similarly, 0 € W,. Therefore, 0 € W) NW,.
Therefore, W) "W, is also a subspace.

1.7 Linear Dependence and Independence

Definition 1.7.1 A vector w in R" is said to be a linear combination of the vectors vi,vy,---,vg in R"
if w can be expressed in the form

w=civi+cva+---+cpvp (L.7)

The scalars ¢y, cp,-- - , ¢y are called the coefficients in the linear combination. In the case where k = 1,
equation(1.7) becomes w = ¢ vy, so to say that w is a linear combination of v; is the same as saying
that w is a scalar multiple of v;.

= Example 1.54 Write (5,6) as a linear combination of the vectors (2, 1) and (0,4) if it possible.
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30 Vector and Vector Space

Solution: Suppose there exist numbers o and 3. Such that
a(2,1)+B(0,4) = (5,6)
Then 2o =5and a+48 =6

5
>o=—andf=——= =

6-a 6-3 7
8

6 4 4
Therefore, we can write (5,6) as a linear combination of the vectors (2,1) and (0,4) as
5

7
2(2, 1)—|—§(0,4) =(5,6)

Definition 1.7.2 Let v{,v;,---,v, be elements of a vector space V over F. Let ai,,---,0, be
elements of F. Then an expression of the form

0vy+0gvy + -+ Qpvp
is called a linear combination of vy, vy, -+ ,v,.

= Example 1.55 Write (5,6) as a linear combination of the vectors (2, 1) and (0,4) if it possible.
Solution: Suppose there exist numbers ¢ and . Such that

(2,1)+B(0,4) = (5,6)
Then2c¢ =5and o +48 =6

5 6—a 6— 7
éa—gandﬁ_T_ 1 3
2,

Therefore, we can write (5,6) as a linear combination of the vectors (

[}

1) and (0,4) as

5 7
S +5(0.4) = (56)

Definition 1.7.3 Let v{,vy,---,v, be elements of a vector space V over F. Then vectors are called
1. Linearly Dependent if there exist scalers Q, @, -, o, not all zero such that a;v; 4+ opvy +
< 4y, = 0.
2. Linearly Independent if ojvy +oova+ -+ v, =0 implies oy =op =--- =, =0

= Example 1.56 Show that (0,1,2),(4,—1,2),(—8,2,—4) are linearly dependent.
Solution: Suppose a, 3,7 € R, such that
(0,1,2)+B(4,—1,2) +y(-8,2,—4) =0
Then
4-8y = 0
o—B+2y = 0
2+2—4y = 0
From the first equation, 8 = 2y = 8 = 4. Substituting this in the second gives oo = 0. Hence for all
number 7,
0(0,1,2) +2y(4,-1,2) +9(-8,2,—4) =0
In particular if Y = 2, we have
0(0,1,2) +4(4,-1,2)+2(-8,2,—4) =0
Therefore the vectors are linearly dependent because all the values of a, § and y are not zero. .

Any two vectors v and w in R> are linearly dependent if and only if they lie on the same line through the
origin. Similarly, any three vectors u, v and w in R? are linearly dependent if and only if they lie on the
same plane through the origin.
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1.8 Bases and dimension of a vector space 31

Remark 1.7.1 e Suppose 0 is one of the vectors vi,vy,---,v,, say vi = 0. Then the vectors must
be linearly dependent, because we have the zero value linear combination where the coefficient
of of v; is non zero.

e Suppose v is a non zero vector. Then v,by itself, is linearly independent, because kv = 0; v # 0
implies k = 0.

e Suppose two of the vectors vi,vy,- -, v, are equal or one is a scalar multiple of the other. Then
the vectors must be linearly dependent.

e Two vectors v and v; are linearly dependent if and only if one of them is a multiple of the other.

e The set vy, vy, -, v, is linearly independent, then any rearrangement of vectors vy, vy, -+, v, is
also linearly independent.

e If a set § of vectors is linearly independent, then any subset of S is linearly independent.
Alternatively, if S contains a linearly dependent subset, then S is linearly dependent.

1.8 Bases and dimension of a vector space

Definition 1.8.1 Let V be any vector space over a field F and let the set S = {v{,v2,---, v, } be a set
of vectors in V. Then
1. §is said to be span or generate of V if each element of V is a linear combinations of elements is
S.
2. Sis called a basis for V if § is a linearly independent set and it spans V.
3. The dimension of V is said to be n (dimV = n) if V has basis consisting of n elements.

» Example 1.57 Show that {(1,2),(—2,1)} form a basis for R?.
Solution: First, we have to show (1,2) and (—2, 1) are linearly independent. Suppose a(1,2)+(—2,1) =
(0,0) for some real numbers ¢ and 3. Then

a—-2=0
20+ =0

Multiplying the first equation by one, the second by two and adding two equations gives 4 = 0; that is,
o = 0. Substituting @ = 0 in one of the equations gives = 0. Therefore (1,2) and (—2, 1) are linearly
independent.
Next we have to show {(1,2),(—2,1)} spans any element of R>. Let (x,y) be an arbitrary element of R?.
Suppose

a(1,2)+p(-2,1) = (x,y)

Then

oa—-2B=x
2a+B =y

Then Sa = x4+ 2y; that is, o = ”SJ Substituting the value of ¢ in one of the equations gives 8 = %

Hence

_x+2y y—2x

() = 52 (1,2)+

That is any element in R? can be written as a linear combination of (1,2) and (—2,1). Therefore,
{(1,2),(~2,1)} form a basis for R?. .

(_27 1)

Theorem 1.8.1 There exist a basis for every finite dimensional vector space.

Theorem 1.8.2 If V is a vector space and S = {vy,va, -+, v, } is a basis of V, then all the other basis
of V has n elements.

= Example 1.58 Find a basis for R® containing the vectors {(1,1,1),(0,1,1)}.
Solution: Since neither is a linear combination of the other the vectors are linearly independent. But
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32 Vector and Vector Space

since dim R3 = 3 this set can not be a basis for R3. To determine basis, find a vector which is not a linear
combination of the vector. But

[(1,1,1),(0,1,1)] = {a(1,1,1)+B(0,1,1)|a,B € R}
{(a,a+B,00+2B)|a,B € R}

Choose o¢ =1 and B = —1. Then (1,1,3) ¢ [(1,1,1),(0,1,1)]. Because the second coordinate is not zero.
Therefore {(1,1,1),(0,1,1),(1,1,3)} is a basis for R>. .

Definition 1.8.2 Let {u;,us,--- ,u,} be a basis for R” and let v € R" such that
V=0quy+ ouy + -+ ouy,

Then (o, 0, - -, 0,) are called the coordinates of v with respect to the basis {u,ua, - ,uy}. 0; is
called the i*" component(coordinate) of v.

= Example 1.59 The coordinate of (2,4,5) with respect to the standard unit basis of R> are (2,4,5) since

(2,4,5)=2(1,0,0)+4(0,1,0)+5(0,0,1) = 2i+4j+ 5k

= Example 1.60 Find the coordinates of (3,4) with respect to the basis {(1,2),(-2,1)}.
Solution: Let (3,4) = a(1,2) 4+ B(—2,1). Then

o — 11
5
-2
b=
Therefore (£, =%) are the coordinates of (3,4) with respect to the given basis. .
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1.9 Exercise
1. If u and v are perpendicular unit vectors, then find ||3u — 2v||.
Ans. V13
2. Let u, v and w are vectors in R* such that u+v = w and ||lu|| = 2, ||v|| = 3 and ||w|| = 4. Then find
the angle between vector u and v.
Ans. 8 =cos™! %
3. If ||v|| = 6, ||w|| = 8 and v+ ¢w and v — tw are orthogonal, then what is the value of 7.
Ans. t = i%
4. Given two vectors v and w such that ||v|| = 3, |w|| =4 and ||v — w|| = 6, then find
@ [lv+w|
(b) The cosine of the angle between the two vectors v and w.
Ans. V14 and @ = cos™! — 11
5. Suppose v is perpendicular to w and ||v|| = ||w|| = 1. If u = av+ Bw, show that |ju|| = /& + B2.
6. If the angle between any two of u, v and w in R® space is 60 and ||u|| =4, ||v|| =2 and ||w|| = 6,
then find ||u+v|| and |lu+v+w||.
Ans. v/28 and 10
7. fu=(1,1,2),v=(4,k,—3) and w = (3,2, —1) are coplanar and k is any constant, then find Proj,,v
and Comp,,u + 2v.
8. Find the angles that the vector 2i + 3 j — 2k makes with the coordinate axes.
Ans. o = cos™! (ﬁ), B= cos’l(\/%) and y = cos’l(\;—%)
9. Let [ be the line passing through the points pp = (0,2,—1) and p; = (—1,1,3) in space. Then find
the parametric and symmetric form of the equation of a line.
xX=—t
Ans. y=—t+2 parametric form and =5 = % = %symmetric form of a line
z=4r—1
10. Find the equation of a plane containing the points P = (5,—2,3), 0 = (1,—1,0) and R = (2,—1,3).
Ans. 3x+9y—2z=06
11. Find the intersection of the line 2x = ¢, y+ 1 = 3¢ and 3z+ 1 = 4¢, where r € R and the plane
m:2x+y—3z=6.
Ans. No intersection
12. Determine the area of the triangle formed by the vectors v = 2i4-4j+ 6k and w = 3i+5j.
Ans. 7
13. Determine the volume of the parallelepiped formed by the vectors u = 2i +3j+ 5k, v =3i+ j+ 8k
and w = 2i + 6k + 5k.
Ans. 3
14. Find the area of the parallelogram with diagonals v =2i+3j —k and w = 3i 4 2j — 4k.
Ans. 10
15. Suppose that a line with parametric equation is % = %l = % is perpendicular to a plane passing
through the point (3,2,4) in space,then
(a) Find the equation of the plane.
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34 Vector and Vector Space
(b) Find the distance of the resulting plane from the origin.
— A1
Ans. x+3y+3z—21 =0and 15
16. If v = (1,k,3) is a linear combination of v; = (1,—3,2) and v, = (2,—1, 1), then find the value of
k.
14
Ans. — %
17. Determine whether the sets {(2,6,0), (0,1,1), (1,3,1)} is linearly dependent or independent in the
vector space R>.
Ans. Linearly Independent
18. Show that the set of all lines L = {ax+ by = O|a,b € R} passing through the origin is a subspace of
the vector space V = R2.
19. Determine whether the sets {(4,3,2),(2,1,0),(6,4,2)} are linearly dependent or linearly indepen-
dent.
Ans. Linearly Dependent
20. Determine whether the sets {(1,0,0),(0,1,1),(1,0,1)} form a basis in R>.
Ans. Basis
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